ABSTRACT. Let G be a connected reductive group defined over an algebraically closed field k of characteristic p > 0. The purpose of this paper is two-fold. First, when p is a good prime, we give a new proof of the "order formula" of D. Testerman for unipotent elements in G; moreover, we show that the same formula determines the p-nilpotence degree of the corresponding nilpotent elements in the Lie algebra g of G.
INTRODUCTION
Let k be an algebraically closed field of characteristic p > 0, let F be a field of characteristic 0 (which can usually be taken to be Q), and let G be a connected reductive group over k, defined and split over the prime field F p .
1.1. In [Tes95] , D. Testerman gave a formula for the orders of the unipotent elements in G; the proof in loc. cit. relies on calculations with explicit representatives for the unipotent classes.
We give here a proof of her result, using quite different techniques. We obtain the following Theorem.
Theorem.
Assume that p is a good prime for the connected reductive group G. Let P be a distinguished parabolic subgroup of G, and let u and x be representatives for the (dense) Richardson orbits of P respectively on its unipotent radical V and on v = Lie(V). Let n(P ) be the nilpotence class of V (which is the same as the nilpotence class of v), and let m ∈ Z ≥1 be minimal such that p m ≥ n(P ). Then the order of u is p m , and the p-nilpotence degree of x is m.
There is a simple formula for the nilpotence class n(P ) given in section 3.4. Note that the Theorem amounts to the assertion that the group V has the largest exponent permitted by its nilpotence class; similarly, the Lie algebra v has the largest p-nilpotence class permitted by its nilpotence class.
The argument proceeds as follows. In section 2, we recall some basic facts about connected, Abelian, unipotent algebraic groups. If U is such a group over F, then U is a vector group (a product of copies of the additive group G a,F ). On the other hand, if U is instead defined over k, it need no longer be a vector group. However, U is isogenous to a product of "Witt vector groups" whose dimensions are uniquely determined by U . In particular, the exponent of U is p m where m is the maximal dimension of a Witt vector group appearing in such a product.
In section 3, we review relevant facts concerning the classification of unipotent and nilpotent classes for reductive groups. When p is good, the Bala-Carter theorem parameterizes at the same time the nilpotent classes in the Lie algebra g of G, and the unipotent classes in G. A theorem of Springer (see 3.6) shows in fact that there is (again for good p) a G-equivariant isomorphism of varieties ε between the nilpotent variety of g and the unipotent variety of G. A feature of the classification of nilpotent (and unipotent) orbits is that one may as well focus on so-called distinguished nilpotent (or unipotent) elements; for a general nilpotent x, there is a Levi subgroup of G whose Lie algebra contains x and in which x is distinguished.
Let u = ε(x) with x distinguished nilpotent. We locate a connected, Abelian, unipotent subgroup Z of G containing u whose exponent is the order of u, and moreover such that x is tangent to Z. A result of Spaltenstein comparing centralizer dimensions over F and over k permits the computation of the p-nilpotence degree of the nilpotent element x ∈ g; using the group Z we are then able to deduce the formula for the order of u.
1.2. Let G denote a linear algebraic group over k defined over F p . In [SFB97a] and [SFB97b] , Friedlander, Suslin and Bendel considered the cohomology of the d-th Frobenius kernel G d of G by studying the affine scheme A d (G) of all homomorphisms of group schemes G a,d → G, where G a denotes the additive group of k. Indeed, they show that there is a homomorphism of graded algebras
whose image contains all p-th powers. They observe that in some cases, the scheme A d (G) = A d has a concrete realization as the variety
. if x has p-nilpotence degree 1. In this note, we show that A d is isomorphic to N p (d) for a connected reductive groups G. Composing this isomorphism with Φ, one obtains a map somewhat analogous to the well-known isomorphism
, by finding a representation V of G such that the exponential homomorphism G a → GL(V ) determined by a p-nilpotent element in g factors through G; see Theorem 5.3 and Theorem 7.5.
In section 6 we include a related result concerning exponentials; namely, if P is a parabolic subgroup of a reductive group G, and p exceeds the nilpotence class of the unipotent radical V of P , then there is an exponential isomorphism v → V of algebraic groups, where v is regarded as an algebraic group via the Hausdorff formula.
ABELIAN UNIPOTENT GROUPS
In this section, we recall some basic known facts about Abelian unipotent groups.
2.1. Witt vector groups. Let p > 0 be a prime number, let n ≥ 1 be an integer, and let W n,Z (p) denote the group scheme over Z (p) of the "Witt vectors of length n" for the prime p; see [Ser79] and [Ser88, V §16,VII §7]. We write W n = W n,k for the corresponding group over k.
When n = 2, the operation in W 2,Z (p) (here written additively) is defined by the rule
More precisely, the co-multiplication for
(1). The underlying scheme of W n,Z (p) is isomorphic with the affine space
, hence the structure algebra
(2). If F is a field of characteristic 0, there is an isomorphism of F-group schemes
We may define a map
by assigning, for each F-algebra Λ and each t ∈ W n,F (Λ), the value ϕ( t) = (w 0 ( t), w 1 ( t), . . . , w n−1 ( t)).
Since p is invertible in F, it follows from [Ser79, Theorem II.6.7] that ϕ is an isomorphism of F-group schemes.
2.2. The Artin-Hasse exponential series. Now let
] be the power series
If µ denotes the Möbius function, one easily checks the identity of formal series
by taking logarithms and using the fact that
if m = 1. It then follows that the coefficients of F (t) are integers at p; i.e.
obtained by base change.
Lemma.
1. E x F factors as
where ϕ is the isomorphism of 2.1(2) 2. The endomorphism x k is in the image of the Lie algebra homomorphism 
Let E x : W n → GL(V ) be the homomorphism determined by x as in 2.3.
Proof. Let b be the image of dE x ; thus b is a p-Lie subalgebra of gl(V ). According to Lemma 2.3, b contains x. It follows that a ⊂ b. On the other hand, we have
Thus a = b ≃ w n , and the Proposition follows.
, and that these derivations span w 2 . A simple computation yields
2.5. Exponents. If g is a p-Lie algebra, we say that the p-nilpotence degree of an element x ∈ g is the smallest integer n ≥ 1 for which x
denotes the n-fold iterate of the p-power operation in g). The p-nilpotence class of the Lie algebra g is then the supremum of the p-nilpotence degrees of its elements. If G is a group, its exponent is the supremum of the orders of its elements.
Proposition.
1. The p-nilpotence class of w n = Lie(W n ) is n. Proof. The Lemma is clear if either G or H has infinite exponent, so assume otherwise. Suppose that φ : G → H is a surjection with finite kernel. Let m be the exponent of H. Since G is Abelian, the map x → x m defines a group homomorphism G → ker φ; since G is connected and ker φ is finite, this homomorphism must be trivial. It follows that x m = 1 for all x ∈ G, and this shows that the exponent of G is ≤ that of H. The inequality ≥ is immediate since φ is surjective.
Proposition. Let U be a connected Abelian unipotent group over k. Then 2. The exponent of the group U is p n . 3. The p-nilpotence class of u = Lie(U ) is ≤ n.
U is isogenous to a product of Witt groups
Proof. The first assertion is [Ser88, VII §2 Theorem 1]. The second assertion follows immediately from the Lemma.
For the last assertion, it is proved in [Ser88, VII §2 Theorem 2] that the group U is a subgroup of a product of Witt groups. A careful look at the proof in loc. cit. shows that the exponent of U and this product may be chosen to coincide. Thus, u is a subalgebra of w, a product of Lie algebras w ni with max(p ni ) equal to the exponent of U ; (3) now follows since the p-nilpotence class of the Lie subalgebra u can't exceed that of w.
Remark. The p-nilpotence class of Lie(U ) may indeed be strictly smaller than the exponent of U . Let V 2 be the algebraic k-group which is isomorphic as a variety to A 2 k , with the group operation in V 2 determined by
Then the map ϕ :
Indeed, one can check that
and that they span v 2 over k.
REDUCTIVE GROUPS
3.1. Generalities. Let G be a connected reductive group over the field k which is defined and split over the prime field F p . We fix a maximal torus T contained in a Borel subgroup B of G. Let X = X * (T ) be the group of characters of T , and Y = X * (T ) be the group of co-characters. The adjoint action of G on its Lie algebra g is diagonalizable for T ; the non-zero weights of this action form a root system R ⊂ X, and the choice of Borel subgroup determines a system of positive roots R + and a system of simple roots S. Write ?, ? for the canonical pairing
Recall that the group G arises by base change from a split reductive group G Z over Z. Let G F denote the corresponding group in characteristic 0.
The Borel group B, the torus T , and the unipotent radical U of B may all be taken to be defined over Z.
For each root α ∈ R + , there is a root homomorphism φ α : G a → U which is defined over Z. The scheme U Z is equal (as a scheme) to the direct product (in any fixed order) of the images of the root homomorphisms φ α with α > 0.
For each α ∈ R + the derivative of φ α yields an element e α ∈ u Z ; the e α form a Z-basis for u Z .
3.2. Good primes. We will usually assume that p is a good prime for G. Recall that the prime p is good for G provided that if β ∨ = α∈S a α α ∨ , then all a α are prime to p. For indecomposable root systems, p is bad (=not good) just in case one of the following holds: p = 2 and R is not of type A r ; p = 3 and R is of type G 2 , F 4 or E r ; or p = 5 and R is of type E 8 . In general p is good for G if it is good for each indecomposable component of the root system R.
3.3. Parabolic subgroups. Let P be a parabolic subgroup of G containing the Borel subgroup B, and let p be the Lie algebra of P . Put I = {α ∈ S | p −α = 0}. The parabolic subgroup P is then
The group P has a Levi decomposition P = LV where L is a reductive group and V is the unipotent radical of P . The derived group of the Levi factor L is a semisimple group whose root system R P is generated by the roots in I. Denote by v = Lie(V) the nilradical of p. V is the product of the images of the root homomorphism φ α with α ∈ R + \ R P . The group V and the Lie algebra v are both nilpotent. Recall that the nilpotence class of the Lie algebra v is the smallest n for which v (n) = 0, where
Similarly, the nilpotence class of the group V is the smallest n for which V (n) = 1, where V (0) = V and
There is (see e.g. [Spr98, Ch. 9]) an isogenŷ
where the G i are quasisimple and semisimple, and T is a torus. LetP denote the parabolic subgroup ofĜ determined by I, and letV denote its nilpotent radical.
Lemma. The above isogeny restricts to an isomorphismV
Proof. This follows from [Bor91, Prop. 22.4].
3.4. Let G ′ denote the derived group of G, and let T ′ = G ′ ∩ T . Associated with the parabolic subgroup P , we have, as in [Spa84] , a 1-parameter subgroup ϕ = ϕ P ∈ X * (T ′ ) ⊂ X * (T ) = Y uniquely determined by the following:
When R is indecomposable, letα ∈ R + be the long root of maximal height, and let n(P ) = 1 2 α, ϕ + 1. Note that n(P ) − 1 is just the sum of the coefficients ofα which lie in the complement S \ I.
When R is no longer indecomposable, let S ′ be the simple roots for an indecomposable component R ′ of R, and letα ′ be the highest long root in R ′ . Put n(P, S ′ ) = α ′ , ϕ , and let n(P ) be the supremum of the n(P, S ′ ).
Lemma.
Suppose that p is a good prime.
The nilpotence class of the Lie algebra v is n(P ).
2. The nilpotence class of the group V is n(P ).
Proof. By Lemma 3.3, we are reduced to the case where R is indecomposable. For α ∈ R + , e α ∈ v if and only if α ∈ R P ; the latter condition is equivalent with α, ϕ = 0. Since p is good, [BT73, Prop. 4.7] shows that for j ≥ 1,
Essentially the same arguments show that v (j−1) = α,ϕ ≥2j ke α . Since every root α satisfies α, ϕ ≥ α, ϕ , the first two assertions follow at once. If x, y ∈ V and m is as in (3), then a calculation shows that (xy) A nilpotent element x ∈ g is distinguished if the connected center of G is a maximal torus of C G (x). (If G is semisimple, this means that any semisimple element of 3.6. A Theorem of Springer. Assume that p is a good prime for G. Springer has proved the following result:
There is a B-equivariant isomorphism of varieties ε : u → U which extends to a G-equivariant isomorphism of varieties ε between the nilpotent variety of g and the unipotent variety of G.
The centralizer of a distinguished nilpotent element x ∈ u has a Levi decomposition; denote by R(x) ≤ U the unipotent radical of C G (x).
Corollary. Let x ∈ u be a distinguished nilpotent element.
1. Let Z = Z(R(x)) be the center of R(x). Then x is tangent to Z; i.e. x ∈ Lie(Z).
2. The exponent of the connected, Abelian, unipotent group Z is ≥ p n where n is the p-nilpotence degree of x.
Proof. Let z = Lie(Z), and put w = {y ∈ u | Ad(u)y = y for all u ∈ R(x)}.
Evidently z ⊂ w, but in view of the Proposition we have ε(w) = Z. Note that this implies that Z is connected, and moreover that dim k w = dim Z whence part 1 of the Corollary (since clearly x ∈ w).
Finally, to see the second assertion of the Corollary, one applies Proposition 2.6.
Remark. It follows from Springer's Theorem that the unipotent classes in G are parametrized by the same data as the nilpotent orbits.
4. THE ORDER FORMULA 4.1. Let R be a discrete valuation ring, with residue field of characteristic p and quotient field F. We assume chosen some fixed embedding of the residue field of R in our algebraically closed field k.
Let L be an R-lattice which is 2Z-graded; say
, the corresponding endomorphisms of L F and L k will be denoted ψ F and ψ k .
By the nilpotence degree of a nilpotent element φ of a ring, we mean the minimal integer e > 0 for which φ e = 0.
is surjective, so that the nilpotence degree of ψ F and of
Let
Let P be a parabolic subgroup of group G, and let ϕ = ϕ P ∈ Y be the corresponding 1-parameter subgroup as in 3.3. Observe that ϕ induces a grading of g as a p-Lie algebra g = ⊕ i∈Z g ϕ i where
Thus [g i , g j ] ⊂ g i+j and g
[p]
i ⊂ g pi for i, j ∈ Z. Observe also that ϕ is in fact defined over Z, and hence induces a corresponding grading of g Z .
Lemma. Let P be a distinguished parabolic subgroup, and let p = Lie(P ) be its Lie algebra. Then
where the g j are the graded components determined by ϕ. Moreover, g 2(n(P )−1) = 0, and g 0 = 0.
Proof. Assume that i ≥ 0 and that 0 = y ∈ g i . To see that i ≤ 2(n(P ) − 1), write y as a linear combination α∈R c α e α . Then for any α with c α = 0, we have
By the definition of n(P ), it follows that i ≤ 2(n(P ) − 1).
The subspace g 0 is non-0 since it contains a Cartan subalgebra of p. To see that g 2(n(P )−1) = 0, note that by the definition of n(P ), there is some root ν ∈ R + with e ν ∈ g 2(n(P )−1) .
Finally, g 2i+1 is 0 for all integers i since distinguished nilpotent orbits are "even"; see [Hum95, 7.13 ]. The description of p follows at once.
Spaltenstein proves the following [Spa84]:
Proposition. Assume that the root system of G is indecomposable, and moreover that the center of G is finite if R is not of type A r , and that G = GL r+1 if R = A r . If P is a distinguished parabolic subgroup, a representative x for the Richardson orbit of P on V may be taken as x = x k for some
Proof. In view of Lemma 3.3, we may suppose that G satisfies the hypothesis of the Proposition. Moreover, it suffices to check the claimed equality for x in the dense Richardson orbit; since the property is invariant under Ad(P ), the Proposition shows that we may assume x ∈ g 2 . But then x Theorem. (Order Formula) Let G be a connected reductive group, and suppose that p is good. Let P be a distinguished parabolic subgroup with Levi decomposition P = VL. Let x ∈ v and u ∈ V be representatives for the respective Richardson orbits, and let m ≥ 1 be minimal with p m ≥ n(P ). Then the p-nilpotence degree of x is m and the order of u is p m .
Proof. In view of Lemma 3.3, we may suppose that G satisfies the hypothesis of Proposition 4.3. Lemma 4.3 shows that the p-nilpotence degree of x is ≤ m; to prove that equality holds, it suffices to exhibit a representation (ρ, W ) of g as a p-Lie algebra in which ρ(x) n(P )−1 acts non-trivially. Take (ρ, W ) = (ad, g). The subspace p = Lie(P ) is ad(x)-invariant, and it suffices to show that ad(x) n(P )−1 (p) = 0. Let R = Z (p) , and let L = p Z (p) ; Lemma 4.2 shows that the lattice L is 2Z graded as in 4.1 with d = n(P ) − 1. In the notation of Lemma 4.1, we have L F = p F and L + F = v F ). We may find a Jacobson-Morozov sl 2 -triple x F , y F , h F ∈ g F for which h F lies in the image of dϕ F . Applying Lemma 4.4 we see that ad(x F ) : p F → v F is surjective. Proposition 4.3 shows that dim F ker ad(x F ) = dim k ker ad(x k ), so we apply Lemma 4.1 to conclude that ad(x k ) n(P )−1 (p) = 0 as desired.
Corollary 3.6 now shows that the exponent of V is ≥ p n(P ) . On the other hand, Lemma 3.4 shows that the exponent of V is ≤ p n(P ) ; thus, equality holds. It is immediate that u has order p n(P ) , and the Theorem is proved.
Remark.
1. The proof in [Tes95] relies on explicit computations with representatives for the unipotent classes. 2. One can compute the order of an arbitrary unipotent u by finding a pair L, Q where L ≤ G is a Levi subgroup containing u and Q is a distinguished parabolic subgroup of L for which u lies in the corresponding Richardson orbit. Similar remarks hold for an arbitrary nilpotent x.
Example. Let G be a group of type G 2 , let u ∈ G be a regular unipotent element and let x ∈ g be a regular nilpotent element; thus u is in the dense B orbit on U , and x is in the dense B orbit on u. The Coxeter number of G is 6, so for p ≥ 7, we have x [p] = 0 and u p = 1. The prime 5 is good for G, and when p = 5, u has order 25, and x has p-nilpotence degree 2.
Corollary. If p ≥ h, every nilpotent element y ∈ g satisfies y
[p] = 0, where the exponent denotes the p-power operation in the p-Lie algebra g, and every unipotent element u ∈ G has order p.
Proof. Let y be a regular nilpotent element; thus y is a representative for the dense B-orbit on U . Since n(B) = h − 1, the Theorem shows that y
[p] = 0. Since the regular nilpotent elements are dense in the nilpotent variety, it follows that z
[p] = 0 for all nilpotent elements z ∈ g. The assertion for unipotent elements follows in the same way.
Remark. The Corollary is of course well known; I didn't find a suitable reference, however. Jens Jantzen has pointed out to me a somewhat more elementary argument that x [p] = 0 for x ∈ g nilpotent when p ≥ h. We may assume x to be in u; thus we may write x = α∈R + a α e α with scalars a α ∈ k. By Jacobson's formula for the p-th power of a sum,
α + L where L is a linear combination of commutators of length p. Now, all summands of L are weight vectors of a weight that has height ≥ p. But the maximal height of a root is h − 1 < p.
Abelian nilpotent subalgebras.
Lemma. Suppose that p is good for G, and fix a Borel subgroup B with unipotent radical U . Let v ⊂ g be an Abelian subalgebra generated by nilpotent elements. Then there is a g ∈ G such that Ad(g)v ⊂ u = Lie(U ).
Proof. The result is well known if dim v = 1. So now suppose that dim v > 1, and let 0 = x ∈ v. Then x is nilpotent. By using the Bala-Carter Theorem (Proposition 3.5) and Spaltenstein's Theorem (Proposition 4.3), one may find ϕ ∈ Y for which x ∈ g 2 and moreover so that the centralizer of x, c g (x), is contained in the parabolic subalgebra p = i≥0 g i . Let P = LV be the corresponding parabolic subgroup.
We have v ⊂ p, and moreover x ∈ g 2 ⊂ n p , the nilradical of p. Thus the image of v in p/n p has dimension strictly less than that of v. It follows by induction on dim v that there is a g ∈ L so that the image of v in l ≃ p/n p is conjugate via Ad(g) to a subalgebra of a Borel subalgebra of l. Since L leaves n p invariant, Ad(g)(v) is contained in a Borel subalgebra of p (which is a Borel subalgebra of g). Since all Borel subalgebras are conjugate, we obtain the Lemma.
EXPONENTIALS IN LINEAR ALGEBRAIC GROUPS
5.1. Exponentials in characteristic 0. Let F be a field of characteristic 0, and let G be a linear algebraic group defined over F. For any nilpotent element x ∈ g F (the F-form of g = Lie(G)), any F-rational representation V of G, and any t ∈ F, we may define exp(tx) ∈ GL(V ) by the usual formula (since x is nilpotent, dρ V (x) is a nilpotent endomorphism of V , and thus the series defining exp is finite). This rule determines an F-morphism of algebraic groups ε x,V : G a,F → GL(V ) for each V . Remark. A similar result in characteristic p > 0 is not possible. Let V be a kvector space, and suppose x ∈ End k (V ) satisfy
Proposition. There is a unique homomorphism of algebraic groups
ε x : G a,F → G such that ε x,V = ρ V • ε x for all F-rational representations (ρ V , V ).
Proof. One easily checks for all
Indeed, a simple calculation shows this inequality to be the case e.g. when p is odd and x (p−1)/2 = 0.
A scheme lemma.
In order to construct morphisms of group schemes over Z (p) , we will later require the following result.
Proposition. Let X and Y denote schemes over a discrete valuation ring R with maximal ideal Rπ, field of fractions F, and residue field k (here not necessarily assumed algebraically closed), and let Y ′ ⊂ Y denote a closed subscheme. Assume that the structure sheaf of X is R-free (i.e. that the R-algebra O X (U ) is free as an R-module for each open set U ⊂ X). Let f : X → Y be a morphism of schemes over R, and suppose that on base change to
Proof. According to [Jan87, I.1.15
is closed in Spec(R). We just need to argue that this pre-image is all of Spec(R). Since R is a discrete valuation ring, Spec(R) has only two points, (0) and (π), and the only closed subsets are {(π)} and the whole space. So it suffices to show that (0) is in Z; to see this it suffices to show that Z(F) = ∅ which follows immediately from hypothesis on f .
The proposition has the following consequence.
Corollary. Let H R and G R denote affine group schemes over R with the structure algebra R[H R ] free over R. Let (ρ R , M R ) be an R-free rational G R module which is a rational H R module, and such that on base change one has a a morphism φ F such that
5.3. Admissible algebraic groups. Let R be a discrete valuation ring with residue field k (our algebraically closed field of characteristic p > 0), and let F denote the field of fractions of R; recall we always assume charF = 0.
Let G R be an affine group scheme over R of finite type. Assume the following hold: A1. The coordinate ring
If these conditions are satisfied, we say that G R is admissible.
(1). Let G R be a split reductive R-group scheme. Then G R is admissible. If
Standard arguments show that there is a rational G R module L which is an Rlattice, and such that
determined by x R . Since x F is nilpotent, it follows from Proposition 5.1 that
is free as an R-module, the Theorem now follows from Corollary 5.2. Remark. Suppose that G is admissible, and the V is an admissible representation of G. Let x be an arbitrary nilpotent in g, with p-nilpotence degree n. As in 2.3, there is the Artin-Hasse exponential
Moreoever, the structure algebra of W n,Z (p) is free over Z (p) , and Lemma 2.3 describes the map E x,F explicitly. It should be interesting to know when the map E x,F factors through the group G F ; the above argument would then yield a map E x : W n → G with x in the image of dE x .
THE EXPONENTIAL ISOMORPHISM FOR p ≥ n(P )
In this section, G denotes a connected reductive group, and we fix a parabolic subgroup with Levi decomposition P = LV . The corresponding objects over the field Q are denoted G Q , P Q , L Q , etc.
6.1. Let n = n(P ) be the nilpotence class of v as before, and let
Since V Q is a unipotent group, each x ∈ v Q is nilpotent. According to Proposition 5.1, there is an exponential homomorphism ε x : G a,Q → V Q . Thus, there is a morphism of varieties ε : v Q → V Q given by ε(x) = ε x (1).
Our goal is to show that ε is defined over A and is an isomorphism of Aschemes. We start out with an example.
Example. Let G = Sp 4 , so that R is of type C 2 , and let I = ∅ so that P = B.
Recall that R + = {α, β, α + β, 2α + β} (so β is long and α is short). Let x = ae α + be β + ce α+β + de 2α+β ∈ u Q for a, b, c, d ∈ Q. Using a suitable set of Chevalley basis elements in sp 4 (Q), it is straightforward to check that
If we give u Q the structure of an A-scheme arising from the A-lattice
it is then clear that ε is defined over
One can check that the inverse log of ε is also defined over A, or one can argue directly using 6.3 below that ε is an isomorphism over A.
6.2. Lie power series. Let t, u be indeterminants, and recall [Bou89, Ch. 2 §2.4] that a Lie polynomial F in t and u is an element of L(t, u), the free Lie algebra (taken here over Q) on the set {t, u}. The free Lie algebra L(t, u) has a natural Z ≥0 -grading L(t, u) = e≥0 L e (t, u), and F is said to be homogeneous of degree e if F ∈ L e (t, u); note this means that F is a Q linear combination of e-fold commutators of elements of {t, u}.
For any Lie algebra L and elements x, y ∈ L, there is a unique homomorphism of Lie algebras ξ x,y : L(t, u) → v Q given by substitution t → x and u → y. Since v Q is nilpotent with nilpotence degree n, ξ x,y (F ) = F (x, y) = 0 for any homogeneous Lie polynomial of degree ≥ n and any x, y ∈ v Q .
Note that there is a natural A-structure L A (t, u) on L(t, u); L e A (t, u) consists of all A-linear combinations of e-fold commutators of elements of {t, u}.
Write L((t, u)) for the "completion" of L(t, u) in the sense indicated in [Bou89, u) ) is, as a Q-vectorspace, the product e≥0 L e (t, u). A Lie formal power series H is an element of L((t, u)). Thus any such H has the form H = e≥0 H e where H e is a homogeneous Lie polynomial of degree e.
Since v Q is nilpotent, we may define ξ x,y (H) = H(x, y) ∈ v Q for any Lie formal power series H. Indeed, ξ x,y (H) coincides with ξ x,y (τ n H) where τ n H = n−1 e=0 H e is the Lie polynomial obtained by truncation at degree n.
Let H be the Hausdorff series; i.e. the Lie formal power series H = log(exp t · exp u). It follows from [Bou89, ch. 2 §6.4 Theorem 2] that (1). τ n H ∈ L A (t, u); i.e. τ n H has coefficients in A.
Since v Q has nilpotence degree n, it now follows from [Bou89, Ch. 2, §6.5, Prop. 4 and Remark 3] that (2). v A is an affine group scheme over A via the operation (x, y) → H(x, y). The element 0 is the identity and the inverse of x is −x.
6.3. Let V be a finite dimensional Q-vector space, regarded as a variety over Q. Let L ⊂ V be an A-lattice in V ; thus we may regard the variety V as arising via base change from the affine A-scheme L. Suppose that F : L → L is a morphism of A-schemes.
Let T 1 , . . . , T n be an A-basis for L * , so that A[L] = A[T 1 , . . . , T n ] is the polynomial ring over A. Assume that there are polynomials g i ∈ A[T i+1 , . . . , T n ] so that the co-morphism F * satisfies
Then a straightforward argument shows that F is an isomorphism of schemes over A.
6.4. The exponential map ε : v Q → V Q is easily seen to be a homomorphism of algebraic groups, when v Q is regarded as a group via the Hausdorff series as above. Moreover, the tangent map of ε is the identity, hence ε is an isomorphism of algebraic groups over Q. Denote by log the inverse isomorphism. Of course, if an embedding G ≤ GL(V ) is chosen, log(u) is given by the usual series
Proposition. The exponential map ε : v Q → V Q is defined over A and defines a P A -equivariant isomorphism of A-schemes ε :
Proof. Fix some ordering of the roots of v Q ; namely, write
We have for u ∈ V Q that
It follows from [Bou89, Ch. 2, Ex 6.5(e)] that the lower central series of v Q is the same when it is regarded as a Lie algebra or an algebraic group; hence we may choose the ordering of roots R + in such a way that for each 1 ≤ i ≤ N and all scalars a(j) ∈ Q for i ≤ j ≤ N we have
Q be the subvariety of V Q which is the product of the images of the φ γ(j) for j ≥ i; the subvarieties V 
and a ∈ Q. In view of 6.2 (2) we have log(u) = H(ae γ(1) , log(u ′ )) = τ n(I) H(ae γ1 , log(u ′ )). It follows for any i that the restriction of g γ(i) to V j is an A-algebraic combination of functions in
It now follows by induction that g γ(i) ∈ A[V A ] for all i, and hence that log is defined over A.
The argument described in 6.3 now shows that log is in fact an isomorphism of A-schemes; in turn this implies that exp is defined over A whence the proposition (the P A equivariance assertion being straightforward). Remark. If A is a finitely generated commutative k-algebra, and Λ is a finite dimensional commutative k-algebra, then Hom k−alg (A, Λ) is an affine scheme of finite type in a natural way. Moreover, if A and Λ are Hopf algebras, the Hopf algebra homomorphisms form a closed subscheme of Hom k−alg (A, Λ). This explains the scheme structure of A d (H).
7.3. As observed in [SFB97a] , the scheme A d (G a ) may be regarded as the algebraic monoid of additive polynomials of degree < p d ; in particular, it is reduced. Thus we may regard it as the following k-defined variety:
The monoid operation is through composition of polynomials. There is an obvious inclusion A 1 (G a ) → A d (G a ) as algebraic monoids, and evidently A 1 (G a ) is the multiplicative monoid A 1 = k. For any linear algebraic group H over k, evidently the monoid A d (G a ) acts on A d (H), we obtain by restriction an action of A 1 . In turn, the monoid action of A 1 defines a non-negative Z-grading on k[A d (H)] (see loc. cit.). 7.4. Fix an admissible k-representation (ρ, V ) for the reductive group G. Given x ∈ u with x
[p] = 0, let ε x : G a → G be the exponential homomorphism which acts on V as the truncated exponential of ρ(x). For n ≥ 0, let ε
[n]
x : G a → G be the composite t → t Proof. This follows from Lemma 4.6. 
